We re-derive the nonlinear transformation in the path integral representation for partition function bringing the duality between one-dimensional oscillators with stable and unstable shapes of potential. This duality transformation realizes the equivalence between spectra of a Hermitian and a non-Hermitian Hamiltonians. It is exploited to calculate the spectra of quantum rotators .
Introduction
The method of equivalent oscillators (A-transformation) elaborated in [1] allows to find the correspondence between quantum oscillator systems with attractive and repulsive anharmonic interactions. This equivalence can be realized when the coordinate paths for the repulsive interaction are taken along the curve in the complex space [1, 2] . Recently this kind of relationship between Hermitian and non-Hermitian oscillator systems has attracted much attention [3, 4] in the search for examples of PT-symmetric non-Hermitian quantum Hamiltonians with real spectra [2, 5, 6, 7] .
In our paper we present the derivation of A-transformation using the phase-space-like path integral and apply it to the partition function of anharmonic oscillators and of quantum pendulum in order to calculate their spectrum by path-integral means.
The basic A-transformation evaluates the partition function Z(β), β = 1/kT for a Ndimensional harmonic oscillator with variable complex frequencyω 2 (τ ) = ω 2 +iσ(τ ) assumed to be periodic,ω 2 (0) =ω 2 (β) ,
where ( q) = (q 1 , . . . , q N ). From the structure of the action in (1) it is seen that the imaginary part of the frequency serves to realize the Legendre transformation to the description dual to the O(N) invariant coordinate q 2 . Formally, after path integration one comes to the functional determinant of the differential operator −∂ 2 τ +ω 2 ,
where the constant C is chosen so that for the constantω = ω the partition function is saturated by the discrete spectrum of the harmonic oscillator,
This analytic expression is not available when the function σ(τ ) is variable in time. Instead it is given by the functional nonlocal in σ(τ ),
The temperature Green function G β (τ ) is defined to fulfill the periodicity in Euclidean time
Our task is to perform the local change of the variable σ(τ ) so that to find explicitly this functional (4) in terms of new variables. Let's introduce the nonlinear transformation,
with u(τ ) being periodic, u(0) = u(β) . One can show [1] that in order to provide the one-to-one correspondence between σ(τ ) and u(τ ) one has to fix the sign of Re u(τ ), for a definiteness, we adopt Re u(τ ) > 0. The latter fact is obvious in the case σ(τ ) = 0. As well it remains evident in perturbation theory against σ(τ ) when one solves the Riccati equation (6) as follows,
where the periodicity u(0) = u(β) has been taken into account. The original action can be re-expressed as
after exploiting the periodicity of involved functions. Consequently the calculation of the functional determinant (4) is equivalent to evaluation of the Jacobian of the following change of (periodic) variables,
where the periodic Green function for inverse first-order differential operator is given by
with θ(x) being a step function. Eventually in these variables the Jacobian reads,
and therefore the partition function becomes a local function of
This is a master formula of the A-transformation. We remark that in the final expression the parameter ω is hidden in the definition of the variable u(τ ), namely Re (u + u 2 ) = ω 2 , Im (u + u 2 ) is arbitrary, according to Eq. (6) . The overall sign of the denominator in (12) conforms to the condition Re u > 0 . For the opposite choice Re u < 0 the sign of the integral in (12) must be changed u → −u .
Duality by means of A-transformation
One can use Eq. (12) directly to find the partition function for a temperature dependent oscillator frequency, just fitting u(τ ) instead of σ(τ ). We notice also that an analogous method is applicable to transform the evolution operator for the harmonic oscillator with a time dependent frequency [8] .
However we intend to use the functional of σ(τ ) to perform the Legendre transformation from the multidimensional O(N) symmetric QM to a dual one-dimensional QM with the same energy spectrum. Namely let us consider the spherically symmetric oscillator potential ω 2 q 2 +V an ( q 2 ) with an anharmonicity V an bounded from below and substitute the quadratic invariant q 2 (τ ) by an independent variable γ(τ ) . In the path integral for partition function it can be realized by means of the auxiliary Lagrange multiplier σ(τ ),
Certainly the usage of the function σ(τ ) as a new dynamic variable in the path integral (1) leads to a non-local Quantum Mechanics of this "observable" due to (2) and (4). Meanwhile the A-transformation (6) makes this QM local in terms of the complex variable u(τ ) as it is encoded in Eq. (12) .
To complete the A-transformation it remains to calculate the Jacobian of the A-transformation in the integral (13) ,
This Jacobian for periodic boundary conditions has the same structure as the Jacobian in the change of coordinates (9) and can be calculated in a similar way,
The infinite constantC must be absorbed by the redefinition of the path integral normalization. The overall sign in (15) again conforms to the condition Re u > 0 . We notice that in the limit u → 0 this Jacobian vanishes as the relation (14) between δσ(τ ) and δu(τ ) in this limit is not invertible. Instead for u = ω it is invertible,
(compare with (7)) and the Jacobian (15) does not vanish. Therefore the accurate calculation must be divided into two steps: first evaluation at u = ω and then the derivation for u − ω as it has been done for the Jacobian of the coordinates Eq. (11) . In turn the correct evaluation of the determinant for u = ω can be performed either directly, using the spectrum of the kinetic operator −i∂ τũn (τ ) = nũ n (τ );ũ n (τ ) = β −1/2 exp {i2πnτ /β}, or equivalently with the help of a pair of auxiliary Grassman variables c(τ ),c(τ ) periodic in τ , i.e. c,c(0) = c,c(β),
After a proper quantization the partition function of this "ghost" harmonic oscillator is calculable by means of the Fourier transform to eigenvalues of the kinetic operator giving (15).
Dual potential systems
where the complex momentum u runs along the trajectories with Re (u + u 2 ) = ω 2 , and Re u > 0. We notice that although the variable γ(τ ) replaces the positive invariant q 2 (τ ) it can be treated as an unconstrained real variable running along the entire axis according to (13) . To make it consistent one can define V an ≡ V an |γ(τ )| .
This representation contains the canonically conjugated variables γ(τ ) and u(τ ) with the kinetic term γ(τ )u 2 (τ ) mixing both conjugated variables. Therefore the path integral suffers from the ordering problem [9, 10] . As it was pointed out in [1] the Weyl ordering suits well to justify the periodicity conditions and the vanishing of boundary contributions. The latter is reproduced by the relevant lattice approximation of path integral [10] ,
Expanding the function,
one obtains the statistical weights (degeneracy numbers) in the decomposition of the partition function into the sectors with a given angular momentum l,
The weights a (N ) l correctly reproduce the degeneracy numbers for N > 1, for instance, in the case of SO(2) symmetry a
In a special case of quartic anharmonicity V an ( q 2 ) = λ( q 2 ) 2 one can integrate in the (unconstrained) coordinate variable γ(τ ) to derive,
In perturbation theory one expands [1] around a zero-order stationary configuration along the imaginary axis u(τ ) = ω + i2 √ λv(τ ) with a real fluctuation v(τ ) (see Eq. (7)) . The latter is achieved by the deformation of complex paths u(τ ) ,
As a result, within the perturbation theory, the set of anharmonic oscillators with the complex quartic potential unbounded from below is discovered to describe the same energy spectrum as the original real O(N) symmetric Hamiltonian in (18) with the potential bounded from below. This equivalence was first found for the dim-2 oscillator [11, 12] in the singlet sector l = 0 in several (up to 15) orders of perturbation theory (see the discussion in [13] ) and proved for arbitrary l in [1] . It was confirmed later in [14] using the technique of differential equations and integral transforms. For one-dimensional oscillator N = 1 with ω = 0 a similar equivalence has been derived recently in [3, 4] . In the latter case evidently two branches of trajectories u with different signs of ω coalesce. The case N = 1 needs a special comment because one finds in (22) two contributions into the partition function with the Lagrangians related by reflection u ↔ −u [15] . One comes to its right interpretation in the perturbation theory, say, for the anharmonic oscillator (24). Indeed, the lowest order in the anharmonicity λ is saturated by two harmonic oscillators with double frequencies 2ω and energy shifts ±ω/2 . Therefore two spectra ω(2n + 1 ± 1/2), n = 0, 1, . . . , jointly form the entire ladder of levels of the initial oscillator ω(n + 1/2).
Duality for quantum pendulums
Let us now use the A-transformation for the analysis of σ-models which in QM correspond to quantum pendulums. The simplest one is defined by the constraint (13) for constant γ(τ ) = R 2 embedded in the path integral for partition function (1) . The A-transformation eventually produces the decomposition analogous to (18) and (22),
with ultralocal quadratic actions admitting the exact calculation of the energy spectrum
2 after the contour deformation u → iũ. Such a spectrum dependence of l has been first found in [16] for N = 3 with a different value of the ground state energy. The latter discrepancy is explained by a different choice of pendulum coordinate variables and respectively by a different choice of ordering the momenta and coordinates. Our choice is correctly normalized to get a zero ground state energy for N = 2 when the quantum pendulum is characterized by the Schrödinger Hamiltonian −R 2 ∂ 2 φ in the polar-angle coordinate 0 ≤ φ < 2π. In this case E l = l 2 /4R 2 .
Concluding remarks
Let us pin-point some subtleties of the A-transformation. 1.
In the strong coupling limit λ ≫ 1 it seems to make sense the expansion along the imaginary u(τ ) = iũ(τ ) (with a precaution of avoiding poles of Φ(z) in (18)). In particular, the limit of quantum pendulum could be achieved as follows: one takes a large negative ω 2 = −2λR 2 and normalizes the ground state energy on ∆E = λR 4 . The original potential becomes a double-well one, λ( q 2 − R 2 ) 2 whereas the dual action looks as follows,
It produces the asymptotic expansion of the energy spectrum in 1/λ starting from the spectrum of quantum pendulum. However the very expansion in 1/λ is essentially singular and contains divergencies due to presence of derivatives in the perturbation. 2. Moreover the path integral (22) is superficially superlocal and Gaussian in the complex "momentum" variable u(τ ) . If it were true that an arbitrary path-integral contour deformation in the complex u(τ ) plane be justifiable one could perform the deformation to purely imaginary u(τ ) = −u * (τ ) = iũ(τ ) and calculate the Gaussian integral. Then if adopting the integration over γ(τ ) ≡ ρ 2 (τ ) ≥ 0, ρ ≥ 0 (see the comment after Eq.(18)) one could obtain that
which is nothing but a partition function for the radial Schrödinger equation for N-dimensional particle in the spherically symmetric potential for a given angular momentum l. The representation (27) looks plausible in spite of the fact that one cannot approach to the border u(τ ) = −u * (τ ) as the A-transformation is well defined only for Re u > 0 and the shift of u(τ ) required to calculate the Gaussian path integral crosses the line Re u = 0 confronting the pole problem in Φ(z) of Eq.(18).
The correct way of treating the above problems will be described elsewhere.
